We study the interaction between dynamos with different spatial and temporal scales. In particular we consider cases in which the smaller of the dynamo systems is itself unstable to dynamo action. We find that the degree of interaction depends on the magnetic Reynolds number, and the relative amplitude between the driving velocities at different scales. Even though it is possible to construct cases in which one or other of the two scales has negligible effect on the overall dynamo action, in general the composite system displays a significant interaction between scales.
I. INTRODUCTION
where B is the magnetic field intensity satisfying ∇ · B = 0, and u is the velocity. In order to reach high values of R m we specialise our study to velocities of the form u(x, y, t) = (Ψ y , −Ψ x , W ) , (2) where Ψ and W are functions of x, y and t only, and the flow is therefore incompressible.
For such velocities the induction equation (1) is separable in z, and solutions of the form B(x, t) = b(x, y, t) exp(ik z z)
can be found, where k z is the wavenumber in z. Substituting (3) into (1) gives an evolution equation for b for any value of k z . This formally reduces the dynamo problem from three to two dimensions. Some choices of Ψ and W have been extensively discussed in the literature [5] [6] [7] . Of particular relevance to our present discussion is the Circularly Polarised (CP) flow introduced by Galloway & Proctor [4] and defined by Ψ(x, y, t) = √ 1.5(sin(x + cos t) + cos(y + sin t)),
For this choice, the velocity field has large regions of chaotic streamlines, and provided k z and R m are chosen appropriately, solutions can be found that grow exponentially with a growth rate σ. It is useful to recall the dependence of σ on both R m and k z . The growth rate σ vanishes at k z = 0; for fixed, large R m , it rises to a maximum value σ * ≈ 0.3 for k z = 0.57, and then decreases as k z increases further, eventually becoming negative at some large value of k z [8] . Whereas the rise to the maximum value is monotonic and insensitive to the magnitude of R m , the decrease from the maximum value is complicated and R m -dependent. For finite, fixed k z , σ is negative for sufficiently small values of R m , and increases monotonically with R m approaching a positive asymptotic value. For k z near the optimal value k z = 0.57, σ becomes positive at R m of order unity, rising rapidly, and reaching a fraction of a percent of its asymptotic value by R m = 100. This rapid approach of the growth rate to its asymptotic value has been seen in other dynamo velocities with chaotic streamlines, and such dynamos are now termed "quick" dynamos.
In order to allow these flows to operate as dynamos on different spatial scales we introduce a natural extension of (4), namely
It should be noted that the velocities are uniquely specified by k, A(k), (k), ω(k) and c(k).
Furthermore, the turnover time τ and the magnetic Reynolds number R m are themselves functions of k satisfying the scaling relations
The dynamo growth rate depends on one more parameter, namely the vertical wavenumber k z (k). Consider now one such velocity field with k = 1; it consists of an infinite periodic array of circulating vortices with spatial periodicity of 2π, and whose origin is moving around a circle of radius . A similar structure occurs for any other value of k, except that now the periodicity is 2π/k. In general, these two velocities will have different values for τ and R m , and hence different dynamo growth rates. However, there is a scaling of the quantities ω,
, c, and k z that ensures that the asymptotic dynamo growth rates are the same for both velocities when measured in units of their own turnover times. It can be verified that this scaling is given by
and
If this scaling is adopted then the (asymptotic) growth rate is only a function of k and the chosen amplitude (A) of the velocity. Consider the case in which
, for some positive s. Then from (7)
Thus for positive values of s, R m decreases with k, and for s < 2 so does the turnover time.
We now consider the composite velocity comprising two such flows at disparate spatial scales, k = k 1 and k = k 2 . Without loss of generality, we may set k 1 = 1 and k 2 = k. We therefore set
Hence, when k is large, this composite velocity consists of two sets of vortical eddies, one large (i.e. with the same scale as the computational domain) and one much smaller. From . Because the small-scale velocity has a smaller turnover time (s < 2) and k is large, σ k is much large than σ 1 and transition in the dynamo growth-rate is extremely rapid, as illustrated in the figure. Once the dynamo growth-rate has reached the (large) asymptotic limit for the small-scale velocity, then it remains insensitive to further increases in R m .
If the assumption that velocities with different scales do not interact remains valid, it is possible to consider the general case of the superposition of many such flows at different scales. From the considerations above, the dynamo growth rate for the composite system is then determined by the smallest scale for which the magnetic Reynolds number is still large enough to make the dynamo growth rate at that scale close to its asymptotic value. If that were true, the problem of dynamo action by a general velocity could be settled rather quickly. The question then arises: how good is the assumption that velocities with distinct spatial scales do not interact?
III. RESULTS
In order to answer the question posed at the end of last section, we compute the growth rate by solving equation (1) indeed make the growth-rate positive, but it reaches at best only approximately one-third of its asymptotic value. This case, in contrast to the previous one, is one in which there is significant interaction that leads to an overall reduction in the efficiency of the dynamo.
Superficially one may attribute this to the factor of four in scale separation between the cases. However the picture is not quite that simple. Table 1 summarises the results for a large number of calculations, organised with increasing k. Column 3 gives the the achieved asymptotic growth-rate for the composite velocity as a percentage of the theoretical asymptotic growth-rate for the small-scale velocity alone. A cursory glance shows that this quantity is not a monotonic function of k. In fact the case with the largest discrepancy is one for which k = 64. We can make progress in understanding the factors that influence . If this ratio is small then we expect that in one turnover time the particle trajectories of the smallscale flow not to be affected by the large-scale flow. We anticipate that for such cases, the interaction between the two scales will be small. In contrast, if δ(k) approaches or exceeds unity then the trajectories will deviate significantly even on the timescale of the small-scale flow, and significant interaction may be expected. This appears to be born out by the results of Table 1 yet, its eigenfunction is very spatially inhomogeneous with all of the action concentrated in a small region. In contrast to the previous case, the dynamo region is still large compared with the typical small-scale cell size and consequently there is little distortion of the basic small scale dynamo eigenfunction. We note that in both cases the dynamo region has a similar spatial scale and we believe that this most likely corresponds to the regions of small stretching for the large-scale flow (i.e. the integrable regions). We conjecture that regions of large stretching in the shear act so as to wipe out small-scale dynamo fluctuations via enhanced diffusion.
IV. DISCUSSION
The results indicate that, depending on the choice of parameters, the interaction between dynamos acting on different scales may be significant. It is therefore important to try to understand the interaction in terms of basic physical processes. An indication of the relevant processes comes from the fact that, in all the cases examined here, the interaction causes a reduction of the growth-rate from the optimal asymptotic value. Hence the large-scale velocity always has the effect of reducing the efficiency of the small-scale velocity. In order to understand this, it is useful to consider dynamo action as the competition between two exponential processes, line-stretching and enhanced diffusion -both of which are associated with chaotic streamlines. Such a negative interaction between the velocities could then be associated with either a reduction in stretching or an enhancement in diffusion. The former process is associated with the positive Lyapunov exponents, while the latter depends on the growth of gradients, controlled by the negative Lyapunov exponents and by the alignment of field lines measured by the cancellation exponent [9] .
In the flows under consideration the exponential stretching occurs solely in the x−y plane.
Thus the largest Lyapunov exponent (λ 1 ) is equal and opposite to the smallest Lyapunov exponent (λ 3 ), and the resulting eigenfunctions have a foliated structure. Magnetic fields with this last property have at every point a direction in which they vary slowly (an invariant direction) transverse to one along which the field varies rapidly. For magnetic fields of this type Du & Ott [10] have conjectured that the asymptotic growth-rate is given by
where L 1 = exp λ 1 t and κ is the cancellation exponent. As shown by Cattaneo et al (1995) [11], it is difficult to use this formula exactly, because in general it is possible to calculate L 1 and κ but not L
. However this formula indicates the relative importance of stretching to diffusion and that to decrease the growth rate one must either decrease λ 1 or increase κ.
Of the two quantities λ 1 is by far the easier to compute. This we do. [11] who demonstrate that the cancellation exponent for a single cell CP-flow is extremely small and argue that perturbations to this flow should lead to an increase in the cancellation exponent. In general we expect the following generic behaviour. If highly symmetric flows (such as those described above) are combined there will be a reduction in growth-rate largely controlled by the increase in cancellation exponent. In contrast if flows that are not very symmetric are combined changes in the growth-rate will be controlled by the Lyapunov exponents, since the cancellation exponents for the combined flow is likely to remain the same. This has been a first step in determining the interaction of dynamos at different scales and will lead to a greater understanding of the dynamo properties of turbulent flows with many scales. 
